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Talk outline

� Introduction to ML by example

� Lgg �in�mum� based learning algorithm

� Semi�distance on semi�lattices

� Semantic semi�distance

� Conceptual clustering of Horn clauses

Papers

� Markov� Z� An algebraic approach to inductive learn�
ing� FLAIRS������ AAAI Press ����� to appear�

� Markov� Z� and Marinchev� I� Metric�based induc�
tive learning using semantic height functions� ECML�
����� LNCS� Springer� ����� to appear�

� Monjardet� B� Metrics on Partially Ordered Sets �
a Survey� Discrete Mathematics� Vol� 	
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Play tennis example

Day Outlook Temperature Humidity Wind PlayTennis
x� x� x� x� y

� sunny hot high weak no
� sunny hot high strong no
� overcast hot high weak yes
� rain mild high weak yes
� rain cool normal weak yes
� rain cool normal strong no
� overcast cool normal strong yes
� sunny mild high weak no
� sunny cool normal weak yes
�	 rain mild normal weak yes
�� sunny mild normal strong yes
�� overcast mild high strong yes
�� overcast hot normal weak yes
�� rain mild high strong no
�� sunny mild normal weak 


X � �x�� x�� x�� x�


Instance space � jfXgj � ��

Concept learning�regression� f
� y � f�X


f�sunny�� � normal�� 
 � yes
f�rain�� �� � strong
 � no
f�rain�� �� � weak
 � yes
f�overcast�� �� �� 
 � yes
f�sunny�� � high�� 
 � no

Error�f
 �
jfXjf�X���ygj

��

Prediction� f�sunny�mild� normal� weak
 � 


K�Nearest Neighbor �k�NN�

X � � �	 �� � ��� ��
d����X
 � � � � � ��� �

PlayTennis no yes yes yes no ��� no

� f�sunny�mild� normal� weak
 � yes

�



Decision Tree for PlayTennis

Outlook

Overcast

Humidity

NormalHigh

No Yes

Wind

Strong Weak

No Yes

Yes

RainSunny

�� lecture slides for textbook Machine Learning� c�Tom M� Mitchell� McGraw Hill� ����
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Conceptual Clustering

No� covering milk homeothermic habitat eggs gills
� hair t t land f f
� none t t sea f f
� hair t t sea t f
� hair t t air f f
� scales f f sea t t
� scales f f land t f
� scales f f sea t f
� feathers f t air t f
� feathers f t land t f
�	 none f f land t f

�A�B�C�D�E�F�

�A�f�B�C�t�D�

�A�f�B�C�t�f�

�A�f�f�land�t�f�

�scales�f�f�land�t�f�

�none�f�f�land�t�f�

�feathers�f�t�A�t�f�

�feathers�f�t�air�t�f�

�feathers�f�t�land�t�f�

�scales�f�f�sea�t�A�

�scales�f�f�sea�t�t�

�scales�f�f�sea�t�f�

�A�t�t�B�C�f�

�A�t�t�sea�B�f�

�none�t�t�sea�f�f�

�hair�t�t�sea�t�f�

�hair�t�t�A�f�f�

�hair�t�t�land�f�f�

�hair�t�t�air�f�f�
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Least General Generalization �lgg� in�mum


A � B

A B

A � B

fsunny� hot� high�weakg fovercast� hot� high� weakg fovercast� hot� normal� weakg

fhot� weakg

fhot� high�weakg fovercast� hot� weakg

fg

� � � � � � � � � � �
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Lgg�based clustering�concept learning

Given� set of examples E
Find� semi�lattice G �E is the set of all maximal elements of G


�� Initialization� G � E� M � E�

�� If jM j � � then exit�

�� T � fhjh � lgg�a� b
� a� b �Mg

�� T � T n fhj�a � C���b � C�� C� �� C�� h � a� h � bg �for concept
learning only
�

�� Let hmin � T satisfy some minimality condition min�T 
�

�� M �M n faja �M�hmin � ag�

�� G� G � fhming� M �M � fhming�

�� go to step ��

Example� Attribute�value language

� a� foutlook�sunny� temperature�hot� humidity�high�wind�weakg

� a � b� a 	 b

� lgg�a� b
 � a � b

� min�T 
 � fhjh � T� h � lgg�a� b
� a� b �M�d�a� b
 � minx�y�M d�x� y
g�

� d�a� b
 � jaj 
 ja � bj

� min�T 
� The closest elements produce the minimal lgg�
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Semi�distance on join semi�lattices �size functions�

Semi�distance �Quasi�metric� d � O �O � 


�� d�a� a
 � 	 and d�a� b
 � 	

�� d�a� b
 � d�b� a


�� d�a� b
 � d�a� c
 � d�c� b


Join�Meet semi�lattice� A partially ordered set �A��
 in which
every two elements a� b � A have an in�mum�supremum�

Size function s � A�A� 


�� s�a� b
 � 	��a� b � A and a � b�

�� s�a� a
 � 	��a � A�

�� �a� b� c � A� a � c� c � b � s�a� b
 � s�a� c
� s�c� b
 and s�c� b
 �
s�a� b
�

�� c � inffa� bg� a� b � A� d � A� a � d and b � d � s�c� a
 �
s�c� b
 � s�a� d
 � s�b� d
�

Example � �attribute�value
� a � b �a 	 b
� s�a� b
 � jbj 
 jaj

Example � ��rst order terms
� t�X� Y 
 �� t�a� b
� t�X�Y 
� � t�a� b
�
� � fX�a� Y�bg� s�t�X� Y 
� t�a� b

 � j�j � �

�



Semi�distance on join semi�lattices

a b��

s�a� inf�a� b
 � s�b� inf�a� b



s�a� inf�a� b

 s�a� inf�a� b



�

�

�

�

inf�a� b


Theorem �� Let �A��
 be a join semi�lattice and s � a size
function� Then d�a� b
 � s�inffa� bg� a
 � s�inffa� bg� b
 is a semi�
distance on �A��
�

Height function� A function h is called height of the elements
of a partially ordered set �A��
 if it satis�es the following two
properties�

�� �a� b � A� a � b � h�a
 � h�b
 �isotone
�

�� �a� b � A� c � inffa� bg� d � A� a � d� b � d � h�a
 � h�b
 �
h�c
 � h�d
�

Theorem �� Let �A��
 be a join semi�lattice and h be a height
function� Let s�a� b
 � h�b
 
 h�a
��a � b � A� Then s is a size
function on �A��
�

Corollary �� Let �A��
 be a join semi�lattice and h be a height
function� Then the function d�a� b
 � h�a
�h�b

�h�inffa� bg
��a� b �
A is a semi�distance on �A��
�

�



Semantic semi�distance

� � �

��

�

��

��

� � �

a b

��

� � �

inf�a� b


��

�

h�a

� �

h�b


� �

h�inf�a�b



Set of objects A and two binary relations�

� �� � syntactic relation� �A���
 � join semi�lattice

� �� � semantic relation �hypothesis evaluation


Ground elements� GA � faja � A� ��b � A � a �� bg�

Ground coverage �semantics of a hypothesis
�
Sh � faja � GA� h �� ag�

Theorem �� If�

�� �a� b � A� a �� b � jSaj � jSbj

�� �a� b � A� c � inffa� bg� �d � supfa� bg one of the following is
true�

� jSdj � jSaj and jSdj � jSbj

� jSdj � jSaj and jScj � jSbj

� jSdj � jSbj and jScj � jSaj

Then h�a
 � x�jSaj is a height function on A� x � 
 and x � ��

�



Clustering Horn clauses

A � the set of Horn clauses with same predicate at their heads�

� �� � ��subsumption� C �� D � C� 	 D

� �� � semantic entailment �logical implication
� C j� D �
every model if C is a model of D�

memb(A,[A]) :- [memb(A,[3,A])]

memb(2,[2])

memb(1,[1])

memb(A,[B,C|D]) :- 
[memb(A,[A]), 

memb(A,[C|D]), 
memb(A,[3,A])]

memb(1,[3,1])

memb(1,[2,3,1])

memb(2,[3,2])

memb(A,[A]) :- []

memb(b,[b])

memb(a,[a])

memb(A,[B,A|C]) :- 
[memb(A,[A]), 
memb(a,[a|C]), 
memb(A,[A|C])]

memb(a,[b,a,b])

memb(b,[c,b])

memb(A,[B,C|D]) :- 
[memb(A,[C|D]), 

memb(A,[A])]

memb(A,[A|B]) :- []

memb(a,[a,b])

memb(A,[B|C]) :- []

�	


