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Play tennis example

Day | Outlook | Temperature | Humidity Wind PlayTennis
1 xro xr3 T4 Yy
1 sunny hot high weak no
2 sunny hot high strong no
3 overcast hot high weak yes
4 rain mild high weak yes
5 rain cool normal weak yes
6 rain COOl normal strong no
7 overcast COOl normal strong yes
3 sunny mild high weak no
9 sunny cool normal weak yes
10 rain mild normal weak yes
11 sunny mild normal strong yes
12 overcast mild high strong yes
13 overcast hot normal weak yes
14 rain mild high strong no
15 sunny mild normal weak ?

X = (z1,22,23,24)
Instance space = [{X}| = 36

Concept learning/regression: 7, y = f(X)

f(sunny,— ,normal,_ ) = yes

f(rain,— ,—, strong) = no
f(rain,— ,— ,weak) = yes
f(overcast,_,_,_ ) = yes

f(sunny,—, high,— ) = no
— HXIf(XD)#y}
Error(f) = 3

Prediction: f(sunny,mild, normal,weak) = 7
K-Nearest Neighbor (k-NN)

X 3 9 10 11 1 ... | 14
d(15,X) 1 1 1 1 2 3
PlayTennis | no | yes | ves | yves | no | ... | no

= f(sunny, mild, normal, weak) = yes



Decision Tree for PlayTennis
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Conceptual Clustering
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Least General Generalization (lgg, infimum)

ANB

AUB

{hot, weak}

{hot, high, weak} {overcast, hot, weak}

{sunny, hot, high, weak} {overcast, hot, high, weak} {overcast,hot,normal,weak}



Lgg-based clustering/concept learning

Given: set of examples FE
Find: semi-lattice G (FE is the set of all maximal elements of G)

1.

2.

7.

8.

Initialization: G = F, M = E;

If |M| =1 then exit;

. T = {h|h =lgg(a,b),a,b € M}

T =T\ {h|Fa € C1,3b € C>,C1 # C2,h < a,h < b} (for concept
learning only);

Let hp, € T satisfy some minimality condition min(T);
M = M\{a|a € M, hmin < CL};
G=GU {hmin}y M=MU {hmzn}y

go to step 2.

Example: Attribute-value language

a = {outlook=sunny, temperature=hot, humidity=high, wind=weak}
a<b&salCbd

lgg(a,b) =anb

min(T) = {hlh € T, h = lgg(a,b),a,b € M,d(a,b) = ming yep d(x,y)}.
d(a,b) = |a|] — |a N b

min(T): The closest elements produce the minimal Igg.
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Semi-distance on join semi-lattices (size functions)

Semi-distance (Quasi-metric) d: O x O — R
1. d(a,a) =0 and d(a,b) >0
2. d(a,b) = d(b,a)
3. d(a,b) < d(a,c) + d(c,b)

Join/Meet semi-lattice. A partially ordered set (A, <) in which
every two elements a,b € A have an infimum/supremum.

Size function s : A x A —+ R
1. s(a,b) >0,Va,be A and a <b.
2. s(a,a) =0,Va € A.

3. Va,b,ce A, a<¢, ¢c<Xb= s(a,b) <s(a,c)+s(c,b) and s(c,b) <
s(a,b).

4. ¢ = inf{a,b}, a,b € A, d € A, a <dand b X d = s(c,a) +
s(e,b) < s(a,d) + s(b,d).

Example 1 (attribute-value): a <b (a Cb), s(a,b) = |b| — |a

Example 2 (first order terms): t(X,Y) <y t(a,b), t(X,Y)0 = t(a,b),
6 = {X/a,Y/b}, s(t(X,Y),t(a,b)) = |6] = 2



Semi-distance on join semi-lattices

inf(a,b)

s(a,inf(a,b)) s(a,inf(a,b))

Y

a b
s(a,inf(a,b) + s(b,inf(a,b))

Theorem 1. Let (A,<) be a join semi-lattice and s — a size
function. Then d(a,b) = s(inf{a,b},a) + s(inf{a,b},b) is a semi-
distance on (A, <X).

Height function. A function h is called height of the elements
of a partially ordered set (A, <) if it satisfies the following two
properties:

1. Va,be A, a <b = h(a) < h(b) (isotone).

2. Va,b € A, ¢c=inf{a,b}, d€ A, a=<d, b<d = h(a)+ h(b) <
h(c) + h(d).

Theorem 2. Let (A,<) be a join semi-lattice and h be a height
function. Let s(a,b) = h(b) — h(a),Va < b € A. Then s is a size
function on (A, <X).

Corollary 1. Let (A, <) be a join semi-lattice and h be a height
function. Then the function d(a,b) = h(a)+h(b)—2h(inf{a,b}),Va,b €
A is a semi-distance on (A, <X).



Semantic semi-distance

inf(a,b)

h(a) h(b)
Set of objects A and two binary relations:
e =<3 - syntactic relation, (A, <1) - join semi-lattice
e =, - semantic relation (hypothesis evaluation)

Ground elements. GA = {ala € A, -3b € A : a <1 b}.

Ground coverage (semantics of a hypothesis).
S, = {ala € GA, h <3 a}.

Theorem 3. If:
1. Va,b€ A, a <1 b= |Sa| > |Sh|

2. Va,b € A, ¢ =inf{a,b}, 3d = sup{a,b} one of the following is
true:

o |Sq| < [Se| and |Sq| < Sl
o |Sy| =|S.| and |S.| = |S|
e |Si| =[Sp| and [Sc| =[S
Then h(a) = 1%l is a height function on A, x € ® and = > 2.
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Clustering Horn clauses

A - the set of Horn clauses with same predicate at their heads:
e <1 = f-subsumption, C <y D & CO C D

e <o = semantic entailment (logical implication), C = D <
every model if C is a model of D.

memb(,[3,1])
memb(A [B,C|D]) :- memb(1,[2,3,1])
[memb(A,[A]),
memb(A,[C|D]),
memb(A,[3,A])] memb(2,3.2])

memb(a,[b,a,b])
memb(A(B.CD]) - MEMRABACH -

[memb(A,[A]),
[memb(A,[CID]),
B memb(A [A])] r;“;'ﬂ"l?((:‘,[[ilcc]}’)] ~— memb(b[cb))
memb(2,[2])
memb(A,[BIC]) - [] -
— memb(A,[A]) :- [memb(A,[3,A])]
memb(A,[A|B]) :- [] — memb(A,[A]):-[] — _ b1}
memb(1,
~__ N
memb(b,[b])
memb(a,[a,b])
memb(a,[al)
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